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I. General Theorems of the Calculus of Operations. 

IF the operation of differentiation with regard to the independent variable x be 
denoted by the symbol D, and if <p(D) represent any function of D composed of 
integral powers positive or negative, or both positive and negative, it may easily be 
shown, that 

p(D){^tO=^.p(D)w^ . (1.) 

and that 
pff.*KD)M=^(D){^w}^ . . (2.) 

and these general theorems are expressions of the laws under which the operations 
of differentiation, direct and inverse, combine with those operations which are de- 
noted by factors, functions of the independent variable. 

It will be perceived that the right-hand side of each of these equations is a linear 
differential expression ; and whenever an expression assumes or can be made to 
assume either of these forms, its solution is determined ; for the equations 

(p{T>){^x.u}~V and <px.^(D)u=V 

are respectively equivalent to 

u^i^x)- 1 ^!))}- 1 ? and M={i//(D)}- 1 ((pa?)- 1 P). 

The formulae (1.) and (2.) indicate true propositions whenever they are interpret- 
able ; that is, whenever <p(D) and ^(D) are capable of being expressed in integer 
powers of D. In conformity with recognized principles of reasoning, when the 
subjects of the process are regarded merely as symbols, we may assume that these 
propositions are true generally ; and we shall therefore not hesitate to pronounce 
any interpretable result derived from the free use of these theorems true, although 
the intermediate steps of the process are not capable of a rational interpretation. 

Bearing these remarks in mind, it will be seen, by an inspection of the above 
equations, that if in (1.) D be written for x 9 and —x (or t) be written for D, we obtain 



* • • 



D' denoting the operation ^r- This equation is identical in form with (2.), and is 
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therefore true ; and the correctness of the result thus derived from this interchange of 
symbols leads to the inference, that if in any linear differential equation capable of 
being reduced to the form (1.) or (2.), and its symbolical solution, x be changed into D 
and D into — «r, we shall obtain another form accompanied by its symbolical solution. 
Possibly the form so obtained and its solution may not be interpretable ; but in every 
case in which they are interpretable, they will be found to be true ; and if, by any 
transformation, meanings can be attached to those forms which appear to be unin- 
telligible, they also will be found to be true. 

It is an essential condition to be observed in all operations in which this process 
is used, that the solutions are to be preserved in a symbolical form ; or, in other 
words, that the operations are not to be performed or suppressed. It would mani- 
festly be a source of error to write zero for (x~ l ).Q, if in a subsequent stage x is to be 
converted into D. 

The process may be conveniently exemplified by applying it to the general equa- 
tion of the first order, 

pa? JDw +%//#.« =X ; 

of which the solution, (the processes being preserved,) is 

«=i~/#7*'{D i - 1 (i/fr to (^c)- I X)}, or «=g-^D- I (e^(^)- 1 X). 
If we make the proposed conversions, we have for the solution of 

— <p(D){xu}+^(D)u=X . (3.) 

u=~e-^{x- 1 e x (pD)- J X}. 
But equation (3.), by (1.), is equivalent to 

^(D)m+(^(D)— «J/(D))m=-X or X . 
Let $/(D)— «J,(D)=X(D), or^(D)=^(D)-xD. 

Sffi),D=Io g ,( D )-/fffl 
and the solution assumes the form 

„_ vrv ^„ . m dD {x~h-Jm dD x } . (4.) 

the equation to be solved being 

x<p(D)u+X(D)u~X . 

This solution was first given by Mr. Boole in the Philosophical Magazine for 
February 1847. It indicates in a striking manner the interchange of symbols which 
is here proposed as a general theory; and leads naturally to the inquiry, whether 
such a conversion may not be extended to other forms. 

I am not prepared to assert that the considerations stated above actually establish 
its validity as a theoretical process ; but it possesses considerable practical utility, 
when applied to a subject in which the value of the result, if true, is in a great 
measure independent of the validity of the process. 



Then ^)=JWl dB=]0 ^^-fm dI) ' 
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In this paper I propose to apply the formula (1.), by the aid of Mr. Boole's 
solution above gwen, to the discovery of soluble forms of linear equations with 
variable coefficients ; I shall also show that by the use of the conversion of symbols, 
many forms of solution apparently incapable of interpretation may be made to give 
useful results ; and I shall point out a remarkable connection between the solutions 
thus obtained and the solutions of the same equations in the form of definite integrals. 

Amongst the cases of (4.) which are obviously and immediately interpretable, may 

be mentioned 

#p(D)w+mp f (D)w=X I 

u={<p(D)} m ~ l x'~ 1 {<p(D)}- m x\ ^ 

0(13) — r 1 

x<p(D)u+m ■ L ^-^=X [ / g v 

but, as will be afterwards shown, most cases are interpretable when <p(D) and X(D) 
assume the ordinary form, and consist only of integral powers. 

II. Application of these Theorems to the Solution of Equations. 

I proceed then to apply equations (5.), in conjunction with the original theorem (1.), 
to the solution in finite terms of forms of linear differential equations. Commencing 
with equations of the second degree, we have, by (1.), 

{D 2 -f FD-\-c 2 } ($x.u} =ipxD 2 u-{~ (b-fyx-\-2$xyDu+ {c 2 ^x-\-b^ x^-^J 1 x)u 

{2D + J} {^xm}— 2$x.Du+(b$x+2<4/x)u. 

Consequently equations included under the form 

or DS+(*+S! + ^)D.+ («.4*+(»+?)^+g).=(^)-X=P, . (7.) 
are readily soluble, the solution being 

= (^)-*(D 2 +M)+^ 
When X or P is zero, the solution may be reduced to the simpler form, 

w ==(^)- 1 (D 2 +JD+c 2 ) w -- 1 {^ 1 (I> 2 +*D+c 2 )^ 1 .0}, 
which will be found to be 

x( m u m-2 m-B m{m+i)(m+2) \ ,«-*./, •_., \__?L_ 

, .m—2m(m + l) 1 \ m ~ 2 m—3 m(m + l)(m + 2) \"1 

a and |3 being the roots of t 2 +bt+c 2 =0. 

MDCCCXLVIII. F 
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The solution here given is finite, in those eases only in which m is an integer posi- 
tive or negative. When m is fractional, the undeveloped expression involves frac- 
tional operations. 

If however £= —2c so that the roots are equal, the solution assumes the form 

u=(^x)-h cx (kx- 2m + l -\-k') 

without any restriction upon the values of m. 

The form (7.) deserves particular attention, as it will be found to include the most 
remarkable of the equations of the second order, which have heretofore been inte- 
grated by artificial methods. 

Thus, if ipx=e** we have the solution of 

of which the well-known equation 

D 2 u+^Du±c 2 u=V (8.) 

is a particular case ; the solution being 

u={B 2 ±c 2 ) m - 1 {x~ 1 ('D 2 ±c 2 )~ m (xP)}. 
If P=0, this is reduced, taking the negative sign only, to 

u=(W—c 2 ) m - l {x-\h cx +k'r cx )}, 
which will be found to be 

+^(, +( ..-, ) £ +( .,_, ) ==»^+>2 + ..)} 1 

and the solution is expressible in finite terms when m is a positive or negative integer. 
This equation is merely the simplest form of (7.), and is soluble by (5.) without the 
aid of (1.) ; for in it $x is taken to be unity. 
Now let $x=x n ; then the solution of 

is M=«-"(D2+&D+c 2 ) m - , {*- 1 (D 2 +&D+c 2 )- m (*" +1 P)}. 

If in this b=0 and n=— 2m-\-l, we have another form of solution of the equation 

B 2 U-^^-Du + C 2 U = P . 

namely, u=x* m - 1 (D 2 +c 2 ) m - 1 {x- 1 (D 2 +c 2 )- m (x- 2m+!1 P)}. 

Ifn=—m, we have for the solution of 

V 2 u+bl>u+ (c 2 -^5 ll) ) M =P 
u=x m (D*+bD+c' i ) m - 1 {x- l (I> 2 +bD+c 2 )- m (x- m+1 P}; 



u 
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of which the well-known equation 

TX9 /m(m — \). 2 \ 
Jj 2 U— I ~- i — 2 — -Jo<r )W=0 

is a case ; the solution being 

u=x m (J) 2 -\-c 2 ) m - l {x- l (k sin cx+W cos c#)} 

The latter form is simply the series before found in the solution of (8.) without the 
factor x~ m . In fact the solution of (8.) is the type of the solution of (7.), when there 
is no second term P; for if u=u x is a solution of (8.)> u=(*4sx)~ 1 u l is the solution of 

The suppression of the terms containing b does not materially impair the generality 
of the form ; for it is well known, and follows immediately from (L), that 

^D+^=g"H(D){ g ^}. 
I have found the most convenient form of (7.) to be 

?/=/r Q i(DHc 2 r" I {^ 1 (D 2 +c 2 )"1^ ( " l " w )}' 

which are obtained by making Q=^+— , Q x being fQdx. 

Useful applications may be made by eliminating the second term from (9.) by a 
change of the independent variable from x to t; t and x being connected by the 

equation ^=g- 2Q i. 

One of these applications leads to an investigation calculated to throw some light 
upon the limited character of the solution of Riccati's equation. If in (9.) Q be 

taken -, we have as a soluble form, 



tv> i 2n r\ 1/91 n(n—I)—m(m—l)\ _ 
D 2 w+~D^+(^c 2 +^ ^H L Ju=V; 



and the elimination of the second term gives, f making -^=x~ 2n and *= — (2ra— l)t) 

^+(2rc~l)~ 2 (c 2 £ ^-^(^(ra— ])— m(m— 1))£T 2 Jm=R or PsT 2 "- 1 . 

This form, therefore, and the cognate form 

^+v 2 +(2n-l)-*(<?z ^+(n(n—l)--?n(ni--l))z- 2 J=:0, 

are soluble, without the restriction that n must be a whole number; but when this 

f2 
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equation is made to assume Riccati's form by equating n to m, the restriction on 
the values to be given to n takes effect. 

If. for n be written — n, we obtain the other form of the equation, viz. 

dv 4n 

T+^ 2 +( 2 ^+l)~ 2 ( c2 * 2n+1 + (n(n-\-l) — m(m—l))z~ 2 ) = Q, 

which is subject to the same restriction, when assimilated to Riccati's form. 
The solution of 



+ V2w— 1/ 



dz 2, ' \2n 

i 

is (D 2 +c 2 ) % "~ 1 {#~ 1 (&sin cx+Jc' cos ex)}, x being z" 2 ™- 1 ; 

and that of 



2 4w 



(Fit / C V „__ 

2?+U+lj* , " +1, ' ==0 

is <r 2w+1 (D 2 +c 2 ) w {,2?~ I (^sin or + if cos c<r} ; 

from which, general expressions for the solution of the two corresponding forms of 
Riccati's equation may be deduced, subject to proper precautions with reference to 
the arbitrary constants. 

If we now, in a similar manner, apply the equations (6.) in conjunction with the 
original theorem (1.), we shall find, making <p(D)=D 2 +M), that equations of the 
form 

D 2 «+(&+-+^)D M +(- + (& + -J^+^)«=P 
are soluble ; the solution being 

M==(^)- 1 (DHJD)" 1 D m {^D-" l (^a?.P)} ; 

which assumes, m being integer, the form of the finite series, 



X J 



And again, making b=0 and Q= x^+Tf^ we ^ iave f° r *' ie integral of 

D%+2QDm+1 Q 2 +Q'- -^r-t- i«=P, 

By processes in all respects similar, integrable forms of equations of the third and 
higher orders may be obtained. For equations of the third order, it will be found 



LINEAR DIFFERENTIAL EQUATIONS. 37 

that the expressions (5.) give, suppressing b, 

D%+(-+3^jD%+( C + T ^+3yD«+(/+c(-+y+-^+V>= P ' 

«=(^)-'(D3+cD+/r- 1 {^- 1 (D3+cD+/)-»(^^P)}; 



D%+3QD%+(c+3(Q 2 +Q')-3^5 : ^) I)m +(/+ c Q+ Q3 + Q "+ 3 QQ' 

_ 3 «(m-l) Q+a (i»-l)CT(iB+l) \ _ p ^ 

M = < r TO s- Ql (D 3 +cD+/)' B - I {*- 1 (D 3 +cD+/)-' B (*- m+I s Ql P)}. 
And the expressions (6.) give 

w=(^)-hdh*d+c)- i d m - i [Jd- w (^.P)1 

It is obvious, however, that the generality of the soluble forms becomes less, as the 
order of the equation rises. 

The solutions derived from (5.) and (6.) as particular forms of (4.), have been given 
in the first instance on account of their peculiar simplicity ; but more general forms 
are derived by the use of (4.). 

The expressions (4.) represent the solution of linear equations of any order, in the 
factors of which no power of x higher than the first appears. 

The general form is 

(a n <r+6„)D^+(^-i^+^ • • (10.)" 

in which 

^t=b n t n +b n ^t n - l -\-.. + b l t+b 

(pt=aJ n +a n __ 1 t n ~ 1 -{-...-\-a l t+a 

where #, |3, y, &c. are the roots of <pt=0 ; and A, B, C, &c. are found from the rational 
fraction ■-,. Consequently the solution of this equation is 



'*D j_„_.._ .,_. „ • _ .„ , i j ?„„.„ &n _, Al n ^D 



The factor % «. u denotes that x is to be changed into a?—— ; and the factor g«» D de~ 

h 

notes that x is to be changed into #+~ ; but these factors may be dispensed with by 
making b n =0, which does not diminish the generality of the form. 
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If, for example, we apply this theorem to the solution of 

D 2 u-\-(a l #-\-b l )Du-\-(a a?-\-b )u=X. ; 
we have the rational fraction 

bj + bp b } u + b t* MjA 

w ==(D 2 +a 1 D+^ )^XD~a) A (D^/3) B (^-H(D^ a )- A (D---(8)- B X}). 

The performance of the operations requires that A, B, &c. shall be whole numbers ; 
and these are the conditions under which the equations are soluble in finite terms. 

If we combine with the above general form the formula (1.), we obtain the solution 
of the equation 

f nf X Yl m ' mm 1 w u?"l 

J- — X 
in the form 

The important limitation, that A, B, &c. must be whole numbers in order that the 
operations may be practicable, must not be overlooked ; and with reference to this 
point, the attention of the reader is called to the solutions by means of definite inte- 
grals given in a subsequent part of this paper. 

If two or more of the roots a, (3, &c. are equal, we obtain amongst the operations 

expressions of the form s <j>—r 9 which do not appear to be interpretable in finite terms ; 
but the corresponding solution in the form of a definite integral will apply. 



2 u 



III. Solution of Equations by interchange of Symbols alone. 

It has been already observed, that the operation or set of operations denoted by 
any function of D is not of itself intelligible, unless the function is capable of expan- 
sion in integer powers of D, so that fractional operations may not be introduced ; 
but if, by means of the transformation above indicated, the function of D becomes in 
result changed into a function of x, such a result is intelligible, and may be relied 
on as true, although the expressions introduced during the process may be purely 
symbolical and incapable of interpretation. 

Thus u=(B 2 ~c 2 ) m ~ l {^ l (B 2 --c 2 y m X}, 

regarded as the solution of 

«r(D 2 — c 2 )w+2mD^=X, 



LINEAR DIFFERENTIAL EQUATIONS. 39 

is not interpretable in finite terms when m is fractional. Yet 

u= (x 2 - c 2 )—^- 1 ^— c 2 )" m X}, 
regarded as the solution of 

D{(# 2 — •c 2 )u}—2mxu=X, or (x 2 — c 2 )Du-—2(m--\)xu=X, 

(these forms being derived from the others by changing D into $ and x into — D), is 
interpretable for all values of m, and is correct. 
Again, it has already appeared that the solution of 

D%+|^+(tf+ w(n " 1) 7 >(w " 1 ^=P> 

which is not interpretable in finite terms when m is fractional. 

But if this equation be multiplied by x 2 and transformed as before, we get 

(# 2 +c 2 )D%— 2(n— 2)#Dw+((^— l)(rc— 2)— m(m— l))w=D 2 P=R suppose ; 
and we infer the solution to be 

w=:D^ w {(^ 2 +c 2 ) wl - 1 D- 1 {(^ 2 +c 2 )~ ,n D w - w - I R}}; 

which is interpretable though m be fractional, provided m— n be an integer ; or the 
equation 

(x 2 +c 2 )D 2 u~2ax&u+b(2a- b+ 1>=R 

is soluble when & is a whole number ; the solution being 

«=D- ( ^ 1) {(^ 2 +c 2 ) a - & D- 1 {(^ 2 +c 2 )~ (a ^ +I) D'R}}; 
of which a remarkable case is, (a=0) 

B2 ' U ^1^T^ U ~^T^ =X (suppose) 

In applying these forms great caution must be used with reference to the introduc- 
tion of constants. The processes indicated in the value of u show i+2 constants; 
which renders it necessary to determine b of them in terms of the other two by 
reference to the original equation. 

Thus, suppose we require the integrals of the equations 

(l+ 4 r 2 )D%— 2u=x, 
and (l+x 2 )D 2 u-- 2u=a. 

The form of both solutions is the same, viz. 

1 
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whence we have 



T)u = jzx t an ~ V + ^ + # ' 



;Q(1+* 2 ) tan-^-^+^+F^+F 



Verifying the first equation by these values, we find 



k"—^ and #" =§' ; 



the solution, therefore, is 



h $ a 

Verifying the second equation, we find k n = ^ an( ^ ^"' =— 2"~ ' anc * t ^ ie S0 " utl0n * s 

^. ^ a 

^=^((l+^ 2 )tan'" 1 ^+zr)+2(I+^ 2 )-2 * 

If the general form of the above differential equation be divided by # 2 +c 2 , and the 
second term be eliminated, by changing the independent variable from w to t y by 

dt 

means of the assumed equation ^=(<r 2 +c 2 ) a , we obtain 

d% 



df 



+b(2a-b+l)(^+c 2 )- (2a ^u=R(x 2 +c 2 )- (2a+l) =R suppose. 



In order that the factor of u may be expressed in terms of the new variable, we must 

dt 

solve j-=(> 2 +c 2 ) a , and then find x 2 -{-c 2 in terms of t. 

For most values of a, the equation between x and t is transcendental ; but parti- 
cular soluble cases may be found. 

Thus, if a= — 1, then <r=ctan ct, x 2 -\-c 2 =- 2 - » and the equation becomes 

whose solution, therefore, is 

which becomes, when R =0, 

u=ffl- (b+1) (# 2 +c 2 )~ (5+1) , a? being ctan ct. 

The original equation is not altered by writing — b for 6+1 ; so that a particular 
solution may be readily deduced from the simple form 

u=W b (x 2 +c 2 )\ 

This equation will reappear under another form in the sequel. 
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3 c 2 

Again, if a= — ~ , then c 2 +x 2 =Y~£fi ; and the equation becomes 



,4 



d u a 

whose solution, therefore, is 

tt=D- (4+1, {(^+c 2 )-(»+J ) D-H(^ 2 +tTW+^)"%)}}* 
Thus the solution of 

d 2 w__ 3 

i + P+k't 
is 



^ (1- 



u 



The principle illustrated in this section may be further exemplified and usefully 
applied, by attempting the solution of the general equation of the second order, 

(px.D^u-^^px.Du^xx.u^P. 

By the interchange of symbols, we have 

<p(D)(a?u)-4(B)(xu)+x(B)u=P; 
or x 2 (p(D)u+2x(p , {I))u^-f(P)u 

+%(D)w 
This equation is soluble if %(D)w={-4/(D)-— <p r '(D)}z/; for it then assumes the form 

the solution of which, by (4.), is 

and, by restoring the symbols, we get for the solution of 

= (px*-SP x J)-\ { (cpx) -\fi dx B~ l (P) } , 

the correctness of which may be ascertained by verification. 
If \J/a?=(w+l)p'a?j we have for the solution of 

u= (<px) y(<px) n ~yPdj:dx. 
If ^ be made equal to Q<px, and P to R(px, we get for the solution of 

M=^.r < *D- 1 {(^)~ !, 6 Q 'D- , (Rpa;)}. 

MDCCCXLVIII. G 
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And if <px be made equal to s /T(& or s Tl , we have for the solution of 

B 2 u+QBu+(Q f +QT^T 2 ~T)u=R, 

w =s T r^D- 1 {6 Ql " aTl l>" 1 (R« T, )}» 
a form easily arrived at by ordinary processes. 

IV. Application to Partial Differential Equations. 

Most of the soluble forms above deduced are readily convertible into analogous 
forms of partial differential equations, by substituting for the constants any function 
of D', where D' denotes differentiation with regard to a new independent variable. 

Thus if in (9.) for Q we write f(x, D') and for c we write \Z— I AD', we have the 
symbolical solution of 

where P may be a function of <r and #. 

For example, if /ur, ^--J be of the form ~^r> the equation becomes 

of which the solution is 

tt == tf»r "^'^(D 2 — FD' 2 )^ 1 {.ar ' (D 2 -~ £ 2 D' 2 ) -»{#-<*- V^'-^fo 3/) } } . 

Now s wlo ^ D/ %|/(#, y)=^(x 9 y+n log #), and g"" wlog * ,iy ^(«a?, y)=^(x, y—nlog x). 
The question, therefore, is reduced to the solution of 

dx*~~ H dy*-~ Y { x >y h 

or D 2 w-- a%=^F(a?, 3/), writing a for AD' ; 

whence u~B^B^h~~ ax "¥(x } y) -^-"D~ V-Tfo y), 

=^ foD ^ y+kx)dx, 

1 
which is 2*C*'i(^ yH^fo #))+%+&z)+^(#-/b), 

where X and ^ are arbitrary, and ^ and Y 2 are derived from T as follows ; for ^ in T 
write y — kx, integrate to x ; change y intoy+zfa?, and integrate to y ; this gives ^¥ l9 
from which Y 2 is formed by changing the sign of k. 

Iff (x, j~) be of the form X^.^-+^? the equation becomes 



dPu 

dx* 



+2X^£|+((^ 2 -* 2 )$+2|^ 

=-4<(x> y) ; 
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and the solution is 

where s- x, * ,D \//(a?, y) means ${x, y— K x x). 

Transforming this equation to new independent valuables p and q> by the equations 

f==zy^'K l x J r hx > ~-q=iy — 'k l x~'kx y 

we have, as a soluble form, 

the function X disappearing in the process. 

If px be of the form -, we obtain a well-known equation solved by Euler in a 
series when there is no second term, 

^dq + p + q\dp + ^J^ (p + W~ M_ ^^ 9h 

which is therefore soluble ; the solution being 

where ft is determined from <p by the equations 

p—%-$-y and q=x—y. 

If a=0, we have the solution of 

d q u m(m—I) , N 

and if a=m, we have the solution of 

<2 2 « ?ra /du du\ __ 

dpd^ + f+^\d^ + d^)~^P' 2) 5 

from which the solution of 

A „ — 1H_ d% 



may be obtained by making 



*=(p+ ? )- 2m+1 

2m-l 

Returning to the general form and making X#=0, we have for the solution of 

d*u jJPu du / . m(m—l)\ ,, . 

M= l r'»g-^(D 2 -/c 2 D f2 ) m - 1 {*- 1 (D 2 -/e 2 D' 2 )- m {j?- (m - I) s^-v|/(a',^)}}. 

62 
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(ill 771 

Again, equating the factors of j~ and u to zero, we have f&#=— and Xx=,v~ 2m 

if 

therefore 

flfo? 2 ' dxdy*^ J dy* 2 * x dx Y ^ '"' 

is soluble ; and if the variables be changed by the equations 

i 

the form 

d*u k fp + q\ Am ~ l /du du % 



, k /p + qy m ~ l /du du\ . x 



dpdq 

becomes soluble. 

By a process of a similar nature applied to (10.), it will be found that the form 

d n u d n u d n u d n u 

has for its solution 

— D 



M =(« M D M +a M _ 1 D M - 1 .D'4-...+« 1 D.D' M - 1 +a D'")- 1 ^. (D-«D') A (D-/3D') B ... 

^- 1 {{s-^(D- a D f )~ A (D~/3D , )- B ../(^y)}}. 

V. Connection with Definite Integrals. 

It is well known that many of the differential equations integrated by the above 
processes, and whose integrals are in some cases capable of an expression merely 
symbolical by reason of the number of operations to be performed being fractional, 
may be integrated generally, when there is no second term, by means of definite 
integrals. 

Now with reference to most of the equations of this description here integrated, 
I have observed that the symbolical form above given is capable of being instantly 
(and, as it were, mechanically) converted into a definite integral of the form 

m=/ <pz.f iV dz, 

the function <p% being typified in the symbolical solution by the form of the opera- 
tions preceding the factor x~ l . 

To explain this, let us take the equation 

D%+— Dw— c 2 u = ; 

1 x ' 

its symbolical solution is 

u=k(B 2 -c 2 ) m ~ 1 {,v~ 1 (B 2 --c 2 )- m Q} * 



LINEAR DIFFERENTIAL EQUATIONS. 45 

and the assertion is that a solution of the equation in the form of a definite integral 
is obtained by writing for (pz, k(% 2 — c 2 ) m ~ l and selecting the limits properly; in fact, 
it is known that 



u~^ c (z 2 --c 2 ) m - l e™dz 



is a partial solution ; and as it is a known theorem, that if u—u x solve 



u 



D 2 u+—Du~-c 2 u=0, 
it is also solved by u=x n u l if for n be written — n, we have for the complete solution 

=^{f^—^T~^ zx d% +k , x- 2m+ ^_ C c (z^—c 2 )- m e zx dz 

= A/^ i (^ 2 — 1 ) m - ^^rf^ + /^a?- 3 " 1 - 1 ^/^ (^ 2 — l)- m s czx dz. 

If for x be written ((l — 2m)t) i2m ~ 1 we obtain the solution of -j& — a 2 t n n=0, m and 

c being properly taken in terms of a and n. 

In like manner, if we apply this mode of conversion to the more general form 

D^+2QDw+(QHQ'-c 2 --^ :i - ) )«==0, 

of which the solution expressed symbolically is 

M===a? m g- Q i(D 2 --c 2 ) m - 1 {^- 1 (D 2 --c? 2 )- 1 0}, 
the definite integral ought to be 

and this is in fact the solution. 

The limits must be determined by verifying the equation and assigning them 
accordingly; the verification at the same time establishing in the particular cases 
the correctness of the results arrived at by the substitution. Thus, if we take the 
general form 

x(p(D)u+^(D)u=0, 
and its symbolical solution 

u={<p(D)}- 1 {b^\v- 1 b-^ J)) 0} 3 
4>t 



where 'tf=fj t dt > 

the conversion here indicated gives 

u=kf((pz)~~h Xz e S! ' v dz. 
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To verify this/ we have 

${D)u =f^f% zx dz =ff x d(e Zz ) = f&* - afe*f*dz, 

and the equation is verified, if £*&* vanishes between the limits. Whether the limits 
can be so taken depends upon the form of %%. 

. Apply this to xD n u-\-u=Q. 

Here <pz=z n ' $z=l, 

and ^=^+1 

z-n+l 

and u = kfz~ n t -™+H zx dz. 

Z~n+l 

The limits and — oc cause g*V=£+r to vanish and satisfy the equation. So that 

is a partial solution ; which may be completed by writing for #, as, j3s, &c. where 
1, a, |3, &c. are the roots r=l. 

Again, if we apply the above solution to 

we have <p£ = — 1, ^=^% %£= — -t] 

and u=zh/ $ n+\t**dz. 

zn+l 

Here, there do not appear to be any limits which will make g-ii+rg** vanish ; but if we 
take for the limits and oc we have D*u—xu=zk. This last equation is also solved 

•IOC £»+! 

by tt=Jtay g~~^+7g* 2 " r dk, a being a root of f* +I =l. 
Therefore the original equation is solved by 

which may be completed by the use of the other roots*. 
Let us apply this method to the solution of 

and we have at once 
where 

* See Moigno's Caleul. voL ii. p. 644. 



U 
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To verify this and find the limits, we have 

w(aJ} n u+a n ^J) n ^ 1 u+.^a l Bu+a u)=^ 

==A^(s-^ A (s-|3)^.^ 

if kf\z — u) A (z— j3) B ...g«**€an be made to vanish between the limits; and this condi- 
tion is satisfied if — oc be taken as the lower limit, and as,/3, &e. be taken successively 
as the upper limit, whence the complete solution. 

If the expression a n x n -\~.. has m roots equal to m y the form of the solution will be 
modified. If in such case the rational fraction 

the solution becomes 

between the limits — oc and a y |3, &c. This solution is incomplete; but it may be 
completed by using instead of a n z n -\-. . . its first, second, .... (m— l)th differential co- 
efficients. 

There can be no doubt that this remarkable connection between the symbolical 
solution and the solution by definite integrals is not merely accidental, but is founded 
upon a similarity in the processes by which they would be respectively arrived at in 
a general system of solution. 

The following considerations are offered as in some measure explanatory of the 
connection above adverted to. The equation to be solved is of the form 

Now if u=k/ mz.f x dz 3 we have 

(p{J})u=kj wz.<pz.fFdz—-f*wz.<pz-~- fjfef*& % 

between the limits. And 

$(D)u=kJ vFZ.<4,z.s**dz. 

d 

If the limits be— ex and a root of <pz=0 9 the equation is verified if mz.^= ^( OT ^»? ) ^)? 
which requires 

log (*z)=J^~^dz f 
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v# 



or Er£ = (<p£) V Qz % 

being the same process as that by which, in the symbolical solution, the form of the 
function of D preceding the factor x~ l is obtained. 

VI. Linear Equations in Finite Differences. 
If in (3.) we change the form of the functions by writing s D for D, we have 

x(p(e D )u-\~-<p(e D )u=X, 

or xp(E)u r +^(E)u a; =Q xy ........ (11.) 

where E is equivalent to 1+A/or denotes the operation which is performed in chan- 
ging u x into u 9+l . 

It follows that the symbolical solution of (11.) is 

where W=fj^ dt ^J^v dv if s '=*• 

A case obviously interpretable is that in which ^v—mvfiv; and in that case the 
solution of 

x(p(E)u x +mE(p'(E)u x ==:Q x 

is ^-{9(E)}-~ 1 x- 1 {^(E)}-Q^ 

If we take the equation 

we have ^ = f^L^ 

where a, (3, &c. are the roots of a n v n -\-..-{-a l v-{-a ~O. 
and 

tvK«.E"+..+* 1 E+a )^ 
In like manner, if 

we have 
where 

b n v n + .. + b } v + b _ B A x A^ 

(1 + v){a n v n + •• + a-p -f « )~"~ * + v—a v-— j3 ' "" 

Thus the solution of 

x(E 2 — c 2 )^ x — 2mEw d =Q a? , 

or % +2 ^ u *+i — cu x — ~^r > 

is M.=(E+c)«~ 1 (E-cr~ , (; C -XE+c)-«(E--c)«Q ir , 



LINEAR DIFFERENTIAL EQUATIONS. 49 

and that of 

#(A 2 ~ c 2 )u x —2mAu x =Q^ 

An 2?ft A 9 (qj 

x x x x 00 

2m m m f / 2m m m > 

is Ujg =(A 2 — c 2 )~ l E l ~ c2 (A— cJ^+^A+cJ^j^^E'i^CA— ^"^(A+cO'^Q 

The results thus obtained are not interpretable unless B, —■> A 1? A 2 , &c. are integer; 

in the event of any of them being fractional, however, the solution of the equation, 
(the second side being suppressed,) may be found as before in the form of a definite 

integral, by introducing the factor e zx and changing D into z, and writing for - the 

integration with regard to z between the proper limits. 
Thus it will be found that the solution of 

is w,==7(a/* + ..+a^ 

between proper limits. 

For taking this value of u 9 , we have 

Of these two terms, the first vanishes if one limit be z= — oc, and the other have 
the successive values log a, log/3, &c, and the second term is equal to 

so that the equation is verified. 
The complete solution therefore is 

/log « *o 

(a/ z +..+a/+a )- l &*(i z -<z) x <($ z -fi)\..e zx dz 

+ c 2 f°l (a/ z +..+a/+a )~ l si z (i*—cc) A i?—IB)\..e' ! 'dz 
or more simply, 

/3 *o 



U x 



x 



pp *o 



+ &C. &c. 
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In a manner in all respects analogous, it may be shown that the integral of 

(V+ i J A V«+(¥+ i i) Aw .+ (¥+ i oK=°) 

+ &C. &c. 

If the expressions v(av n +..-jra l v+a ), (l+tf)(a ft B +..+0i0+ af o) should have two 



n 

B 



or more equal roots, we shall obtain factors of the form g(»-*)% as in the case of linear 

differential equations of analogous forms. 

The process of changing the symbols maybe used to obtain solutions of differential 
equations from known solutions of equations in finite differences. 

The solution of the general equation of the first order 

(1+AK-P A =Q. 



is u 



p p p yf ?jg "\ 



A similarity existing between this form and the solution of linear differential equa- 
tions of the first order will be seen, by writing the above equations in the following 

form, — 

e°u — <p«r.w=X, 

and the conversion of symbols would give 

s-w — p(D)tt=X, 






Wl* 6 ' .X} ; 



a symbolical solution apparently incapable of rational interpretation, at least in finite 
terms. 

If however we suppress X, and by a conversion similar to the one before proposed, 
<pD be changed into $(—%) ; and x be changed into — D', D' denoting differentiation 
with regard to % and a factor g""** be introduced, we shall find that the substitution 

111 
f° r g -«— i * s p'—\ or a 7 ; an( ^ ^he S enera l result is 

where 2 denotes summation with reference to z, and the first summation must be 

taken between proper limits. 

The form of this is 

u=2(...<p(n)...<p(— %— 2).p(-« — l).r*") 

between proper limits ; which, changing the sign of &, may be more conveniently 

written 

w=2(....<p0 — 2).<p(z— \).?*). 
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To verify this, we have 

r # «i=:2(....^(«-2).^(«— l).8 c *" 1> )=P^i suppose, 

p(D)w=2(....p(«— 2).p(*- 1).^«.0=P* ; 
consequently 

r^-^D^S^-P^-SA^ 

the last term being taken between proper limits. 

Let a, |3, &c. be the roots of (pz=0 ; then if at one limit z have the values 1+a, 
l+j3, &c. successively, P^ will vanish; and #= — oc will give a vanishing value at 
the other limit. The form of the function %oc must be ascertained by verification. 

Let <pz=z p -\-az p ~ 1 -\-..=(z — ct)(z— (3)(s— y).... 

p(n)....p(«— 2).<p(s — 1) = {(«-- «)....(*— 1— a)}{(«— (3)...(» — 1-/3)}.... 

_r(g-«) r(g-<3) 

~"r(n-«)'r(»-/3)"' 
«=0^( w )-^( g - 2 )^( g - 1 )-0= r(n-a)r(«-j3).X + «( r ( g --- <l8 ) r («-P)"-0 

=r(.-«)r(»~|8)...^W^~^ 8 ^-^r <l "^ g< ^" : «"- 

Now 2t;/- - -V~*~ 1 »-^=tfr - ~V*~ 1 2^^ 
which taken between the limits — oc and 1 +a is 

and, if this be integrated successively with respect tov l v 2 ... and taken between the 
proper limits, we get 

-[rc-a-l][»-j3-l]...tt^^ 

+ [2][a-j3+2][a-y+2]...6 a *+...}. 

If n=a4-lj we have 

w=~g (a+1 >{l + (*-/3+l)(a-y^ 
(a— y+2)...s 9# +...}. 

To verify this, we have 

g-w=—g^{l + (a—|3 + l)(a—y+l). .!•+..} 

£>(D)w=-g"* {( a _j3+l)( a _y+l)..g»4...} 

r%— p(D)w= — ** 
If all the roots of <pz are zero, we have for a partial solution of 

e~~*u--D n u=c, 

u—cff^dv, f < *dv 2 ...f < *dv ( g -<tv*tyK.+t*> L 1 

=cs*(l+s*+(1.2)Y*+(1.2.3)Y*+....). 

h 2 
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VII. Miscellaneous Forms. 

In the course of the preceding investigations, I was led to attempt the solution of 
some forms of equations by means of successive operations not consisting exclusively 
of D combined with constants, but involving also functions of oc. The only important 
result which I obtained is the following, being a slight generalization of the method 
originally employed by me in effecting the solution of the equation of Laplace's 
coefficients. 

The equation 

D 2 u-{-bDu4-c 2 u— n(n4-l) — 5— =X 

is solved as follows. 

Let a and j3 be the roots of z 2 -\-bz-\-c 2 =0, and assume 

Dw— uu=u l . 

u 

COS 5, X 



Then D^ — $u Y — w(w+l)— — =X, 



COS 2 X 



V 



ov& 2 u i +bDu l +c 2 ii l ~2tenx.(Du l —(3u l )-~ 7 ™^w 1 =X / --aX---2tan^.X==X / suppose. 

Assume D^ — ccu x — 2 tan x.u Y = u 2 , 

then by a similar process we obtain 

D% 2 + 6Dw 2 + e% 2 ~4tan#.^^ 

Similarly, if we assume 

Dw 2 — aw 2 — 4 tan xm 2 =.u$, 
we obtain 

D 2 u 3 +bDu 3 +c 2 Us-6 tan x.(T>u 3 - j3w 3 ) - f ^^f^fh=X l ll ^aX ll ^6 tan^.X^X^ 

suppose. 

Proceed in like manner until we arrive at the assumption 

J}u —ccu^—2n tan x.u =u n+l . 

Then D\ +1 +iDM n+I + A w+1 - 2(w+l) tmi x.(Du n+1 - fiu„ +l )=X (n + iy 

Let Vu n+1 ~(3u n+1 =Q, 

then DQ~ aQ — 2(n+l) tana7.Q=X (w+lb 

and Q=g**(cos o;)~ 2 ^ +1) /r "(cos ^) 2(n+1) X (w+1) rf^ 

Un+^e^-^ftcos x)-«* +l ]/$— (cos ^) 2(n+1) X (n+1 ,«&:<&?, 
w»=e a4f (cos #)~ 2 ;/s-**(cos sy n u n+l dx ; 
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and so on down to u, which will be found to be, 



s 



G(55^)) W {/^~ a) ^( cos ^^-^(cos ^)™ 2(w+ yr^(cos %Y {n + l) X {n+l) dxdxdx} ; 
and if X=0, this becomes 

u=hX \d{t 3 ^j) {/ s(/3 ~ a) "( cos <r) 2 ^s (a -^(cos x)~ 2{n + l) dxdx}, 

proper precautions being taken with regard to the introduction of constants. 

Perhaps the difficulties relating to the constants may be evaded by writing the 
solution in the form 

^L_ J {«»— "(cos x)« n+i ye ( *-®%cos w)-* n+l) dx}, 

and then substituting 1 — (ra+ 1) for n, which does not alter the original equation, we have 

u=h **(dttLx))' '{«* """(cos ^)-yg (a -^(cos ^) 2 "^} . 
If a and /3 are both zero, we have for the solution of 

D 2 u— n(n4-l) — — =0. 

where y= tan a?. 

Let a=c and j3= — c 3 so that the original equation becomes 

d u ti 

then the solution is 

tt== * 8<S<r (j?tm5)) ~*V g - 2c *( C0S ^) 2 yg 2 ^(cos x)-**+ l >dafdx} 

which contains the proper number of constants; as the constant which enters by 
reason of the first integration disappears by the subsequent differentiations. 

d 

This solution will apply to Laplace's equation, if for c be written c^r* 
This gives for the solution of 

d^u j^u , N u 

u=B e 4(^~ ) y{r ie 4(cos <y)- 2 y(cos x) 2n <p(y -^2cx)dx) 
£/ d \ n 



+ 6 ^fat^)) {(cos^-My-2^)}, 



ftr i 
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d 



U 



the symbol s" 2CA ^ denoting that, after the operations are performed, #—-2c# must be 

written in lieu of y; and the symbol e**^ denoting that, after the further operations 
are performed, y+cx must be written in lieu of y. 

The solution is simplified by considering the latter function alone as a partial solution, 
and completing the solution by changing the sign of c with a new arbitrary function. 

Now if in Laplace's equation 

d /. .du\ , 1 d% , / . , x 

we make x=ta > n^ 1 ([jj\/— 1), 

u • d 2 u d% / , ,v « 

we obtain xi— "j~2— n(n 4-1) — s- =0. 

oar ay 4 v ' 'cos^a? 

The solution of Laplace's equation, therefore, by this process assumes the form 

+i ^-W-i>«( 5 ) {(l-^r X (y+2 tair W~ 1))}. 

Postscript. — Received March 16, 1848. 

The following brief investigation is more general in its results than that developed 
in pages 50 and 51. 
By applying the fundamental theorem to the linear equation 

and its solution 

%=(p(x^n).p(x — 2n).. t 2{{(px.(p(x^n).<p(x — 2ri)...)~ l ipx} 9 

(where the sign of summation has reference to x, Ax being n 9 ) we obtain the equation 

e- w u—<p(&)u=$x 9 (12.) 

and its symbolical solution 

u=(p(i)-n).p(D-2n)...[^ 

and by expanding the factor 6 -n*_p an d reducing, we obtain for the solution of (12.) 
the series (2 referring to p), 

M=2g-^(p(D).p(D-w)...^(D— jwi))- 1 ^, 

=2(?(D+pw).(p(D+(p^l>)...^(D))~H^ w ^}. 
If s x =y, and %y consist of powers of y, the above formula gives the solution in 
series of powers of y of the equation 

Several equations of this form solved by Mr. Boole's general method, are given in 
the Philosophical Transactions for 1844, pp. 236-240. 



